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The uniqueness of solutions of initial value boundary value problems along with
some uniqueness conditions on two-point boundary value problems imply the
existence of solutions for the same boundary value problems for the second-order
 Ž  .nonlinear dynamic equation y  f t, y, y on a time scale. This existence is
established using shooting methods.  2001 Academic Press
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1. INTRODUCTION
 The theory of time scales has received much attention since Hilger’s 13
initial paper introduced the unifying theory for continuous and discrete
calculus. Subsequent developmental major works devoted to the calculus
 on time scales have been conducted by Agarwal and Bohner 1 , Aulbach
     and Hilger 3 , Bohner and Peterson 4 , Erbe and Hilger 6 , Erbe and
   Peterson 7 , and Kaymakc¸alan et al. 15 .
In this paper, we are concerned with the uniqueness of solutions
implying the existence of solutions for boundary value problems for the
second-order nonlinear dynamic equation on a time scale ,
1.1 y f t , y , y ,Ž . Ž .
1.2 y t  y , y t  y .Ž . Ž . Ž .1 1 2 2
We assume throughout that
Ž . 2A f : R R is continuous.
Ž . Ž .B Solutions of initial value problems for 1.1 exist and are unique on
all of . For early papers devoted to the uniqueness of solutions implying
the existence of solutions for boundary value problems, we mention those
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       by Hartman 8 , Henderson 9, 10, 11, 12 , Jackson 16 , Klaasen 17 ,
   Lasota and Luczynski 18 , and Peterson 19 , which were devoted to either
conjugate or right focal boundary value problems for ordinary differential
equations or difference equations. Many of these results are contained in
   the excellent book by Agarwal 2 . Recently, Chyan and Henderson 5 also
Ž .considered uniqueness implies existence results for n, p boundary value
problems. Before introducing the problems of interest for this paper, we
present some definitions and notation which are common to the recent
literature.
DEFINITION 1.1. Let  be a nonempty closed subset of R, and let 
have the subspace topology inherited from the Euclidean topology on R.
Then  is called a time scale. For t sup and r inf , define the
forward jump operator,  , and the backward jump operator, , by
 4 t  inf     t  ,Ž .
 4 r  sup     r  .Ž .
Ž . Ž .If  t  t, then t is said to be right scattered, and if  r  r, then r is
Ž .said to be left scattered. If  t  t, then t is said to be right dense, and if
Ž . r  r, then r is said to be left dense.
ŽDEFINITION 1.2. For x: R and t  if t sup, assume t is not
. Ž . Ž .left scattered , define the delta deriatie of x t , x t , to be the number
Ž .when it exists with the property that, for any  0, there is a neighbor-
hood, U, of t such that
  x  t  x s  x t  t  s 	   t  sŽ . Ž . Ž . Ž . Ž .Ž .
Ž .  Ž  .for all sU. Define the second delta deriatie of x t by x  x . If
Ž . Ž .F t  h t , then define the integral by
t
h s  s F t  F a .Ž . Ž . Ž .H
a
DEFINITION 1.3. Let  be a time scale and let y be a function on . Let
Ž . Ž Ž .. Ž .t . The t is said to be a generalized zero of y if y t  0 or y  t y t
 0.
 DEFINITION 1.4. For a, b , define the closed interval a, b , in  by
   4a, b  t   a	 t	 b .
EXISTENCE ON TIME SCALES 361
2. MAIN RESULT
We first give a theorem concerning the continuous dependence of
solutions of dynamic systems on time scales with respect to initial values.
ŽTHEOREM 2.1 Continuous Dependence of Solutions on Initial Condi-
. Ž . m mtions . Let g t, u be continuous from R into R . Assume that
 Ž .solutions of initial alue problems for y  g t, y are unique on . Gien any
Ž . m Ž .t ,   R , let y t; t ,  denote the solution of the initial alue0 0 0 0
problem
2.1 y g t , y ,Ž . Ž .
2.2 y t   .Ž . Ž .0 0
m Ž .Assume that t  t in and    in R . Then the solutions y t; t , n 0 n 0 n n n
Ž .of 2.1 with
2.3 y t  Ž . Ž .n n
Ž .conerge uniformly to y t; t ,  on a compact set of .0 0
Ž . Ž . Ž .Proof. For abbreviation, we define y t  y t; t ,  and y t n n n n 0
Ž .y t; t ,  . We first claim that there exist  and M such that for all0 0 0
   Ž .   4t t , t 
    and y t 	M, for n sufficiently large. Let K0 0 n n n1
be a sequence of nonnull open sets such that K is compact, K  K ,n n n
1
and K  R m. For each j 1, letn
C  dist K , K  0,ž /j j j
1
C  Ž .where K means the complement of K . Let K  t, x j
1 j
1 j
 1ŽŽ . . 4 Ž .dist t, x , K 	  . Then K is compact and K  K . Let t , y j j j j j
1 0 02
Ž .K for some m. Then there is an N such that 	nN , t , y  K ,m 1 1 n n m
1   Ž . Ž .and t  t   
 , since t , y  t , y . Since K is compact, son 0 m n n 0 0 m2
  1 Ž . Ž .g is bounded on K , say g t, u 	M, 	 t, u  K . Let a b  .m m m4
Ž .      4  m  Now for any given s, z  K , the set t  t s  a  yR ym
 4    z  b  K . Then by the Peano theorem 15, Theorem 2.1.1 therem
Ž . Ž .  exists a solution of 2.1 with y s  z on s 
 , s
 
 where 

b 4min a, . Furthermore, the solution satisfiesM
1       y t 	 y t  z 
 z 	  
 sup z .Ž . Ž . m4
zK m
   Since for n  N , t , t 
   t  
 , t 
 
 , we conclude that1 0 0 n n
 Ž .4   Ž Ž .4 y t is uniformly bonded on t , t 
  , and t, y t  K .n nN 0 0 n nN m1 1
Since
t
y t    g s, y s  s,Ž . Ž .Ž .Hn n n
tn
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we have

2.4 y   y t  g s, y s  sŽ . Ž . Ž . Ž .Ž .Hn n n
t
 for t,  t , t 
  . By the ArzelaAscoli theorem, we conclude that`0 0
Ž . Ž .  y t converges uniformly to y t on t , t 
  . To complete the proof, itn 0 0
Ž . Ž . Ž .suffices to show that y t is the solution of 2.1 satisfying 2.4 . We note
Ž .that y t    0 as n . Further, sincen 0 n
  y t    y t 
 y t  y t ,Ž . Ž . Ž . Ž .n 0 n n 0 n 0 0
Ž .  as n , we conclude that y t   . For t t , t 
  , we have0 0 0 0
t
g s, y s  g s, y s  sŽ . Ž .Ž .Ž .Ž .H n
t0
t
	 g s, y s  g s, y s  s.Ž . Ž .Ž .Ž .Ž .H n
t0
Ž Ž .. Ž Ž ..By uniform convergence of g t, y t to g t, y t and continuity of g, wen
infer that
t t
lim g s, y s  s g s, y s  s.Ž . Ž .Ž .Ž .H Hn
n t t0 0
Ž .As a consequence of 2.4 , we have
t
lim y t  y t  g s, y s  s.Ž . Ž . Ž .Ž .Ž . Hn n 0
n t0
This implies
t
y t  y t  g s, y s  s,Ž . Ž . Ž .Ž .H0
t0
and so
t
y t    g s, y s  s.Ž . Ž .Ž .H0
t0
Ž . Ž .Thus y is the solution of 2.1 and 2.2 .
Again, we note that the continuous dependence of solutions on initial
condition for higher-order dynamic equations on measure chains can be
proved in a similar way.
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Our next result relies on the continuous dependence argument. The
next theorem, known as the Brouwer invariance of domain theorem, is
 from Hurewicz and Wallman 14 and provides a powerful tool in subse-
quent arguments.
THEOREM 2.2. Suppose that GR n is open and : GR n is continu-
Ž . n Ž .ous and one-to-one. Then  G  R is open and : G G is an open
mapping; that is,  is a homeomorphism.
We are now in a position to prove that uniqueness implies existence for
second-order conjugate dynamic equations on time scales.
THEOREM 2.3. Consider the dynamic equation on a time scale ,
y f t , y , y .Ž .
Ž . Ž .Assume A , B , and
Ž . Ž .C For any x  x , in  if z and y are solutions of 1.1 such that z y1 2
   two generalized zeros on x , x , then z y on x , x1 2 1 2
Ž .  Ž .4 Ž .D Suppose there exists a sequence of solutions y t of 1.1 , ak k1
   Ž . compact interal c, d  , and a number M 0 such that y t 	M fork
   Ž .4each k 1 and each t c, d . Then there is a subsequence y t suchk j1j
 Ž .4  Ž .4that y t and y t conerges uniformly on each compact subinter-k j1 k j1j j al c*, d*  .
Ž .Then for any t , t belonging to  with  t in , and any y , y R, the1 2 2 1 2
Ž . Ž .boundary alue problem 1.1 , 1.2 has a unique solution.
Ž .Proof. The uniqueness follows from assumption B . Let t , t be in 1 2
Ž .and choose y , y R. Then let y denote the solution of 1.1 which1 2
Ž . Ž .satisfies the initial condition y t  y , y t  0. Now define the set1 1 1
S w t  w satisfies 1.1 and w t  y t . 4Ž . Ž . Ž . Ž .2 1 1
Ž .Note that S	, since y t  S . We claim first that SR is an open2
set. To show this, choose s S . By definition of S , there exists a solution
Ž .y of 1.1 such thats
y t  y t and y t  s.Ž . Ž . Ž .s 1 1 s 2
Ž . 4Let G s , s , c , c  s  s and s , s  c , c R . Note that G1 2 1 2 1 2 1 2 1 2
  R 2 is open. Fix s   and define : G  R 2 via0
 s , s , c , c  s , s , p s , p s ,Ž . Ž . Ž .Ž .1 2 1 2 1 2 1 2
Ž .where p is the solution for 1.1 satisfying
p s  c , p s  c .Ž . Ž .0 1 0 2
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Ž .Since the initial solutions for 1.1 are continuous with respect to initial
conditions, it follows that  is continuous. Furthermore, since solutions of
Ž . Ž . 21.1 and 1.2 are unique, this implies  is one-to-one. G  R
Žis open and so by the Brouwer invariance of domain theorem Theorem
. Ž . 2 Ž .2.2 , it follows that  G   R is open, : G G is a
1 Ž .homeomorphism, and  is continuous on  G . Hence there is a
  Ž .
  0 such that for every 0 
  
 , there is a solution y of 1.1˜0 0 

satisfying
y t  y t and y t  s
 
 .Ž . Ž . Ž .˜ ˜
 1 1 
 2
Ž .This implies that s 
 , s
 
  S , which in turn implies that SR0 0
is open.
Next, we claim SR is a closed set. To show this, suppose the
contrary. Then there is a limit point r  S  S and a strictly monotone0
 4sequence r  S such that r  r . We may assume, without loss ofk k1 k 0
Ž . Ž .generality that r  r . Now let z t be the solution of 1.1 satisfyingk 0
Ž . Ž . Ž . Ž .z t  r and z t  0. Since r  S , so z t 	 y t , 	k 1. We2 0 2 0 1 k 1
have two subcases:
Ž . Ž . Ž . Ž . Ž . Ž .Case i . Suppose z t  y t . Then, by assumption B , y t 	 y t1 1 1 1 k
Ž .  	 z t on t , t , for all k 1. Therefore there exists M 0 such that1 2
 Ž .    Ž .y t 	M for every t t , t . By compactness condition D there is ak 1 2
 Ž .4  Ž .4  Ž .4subsequence y t such that y t , and y t converge uni-k j1 k j1 k j1j j j
formly on each compact subinterval of . The Theorem 2.1 now implies
 that this subsequence converges uniformly on x , x of  to a solution Y1 2
Ž .of 1.1 . It is immediate that Y must satisfy
Y t  y t and Y t  r .Ž . Ž . Ž .1 1 2 0
But this implies r  S , a contradiction.0
Ž . Ž . Ž .Case ii . Suppose z t  y t . Then we consider some c  such1 1
Ž . Ž . Ž .that t  c. Such a c exists, since  t  . We see that y t 	 z t on2 2 k
  Ž .  t , c . We can argue as in case i , except we will take the interval x , c .2 2
We obtain a contradiction.
Hence our claim that SR is closed is true. As a consequence of S
being a nonempty set which is both open and closed, we conclude that
Ž .SR. Thus, choosing y  S , there is a solution w of 1.1 satisfying2
Ž . Ž .w t  y and w t  y .1 1 2 2
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